When a voltage is applied across the electrodes of a flat piezoelectric transducer attached to a thin plate structure, the transducer acts as equivalent loads applied to the host plate structure. In this paper, analytical expressions of these equivalent loads are derived for the general case of an orthotropic piezoelectric actuator using Hamilton's principle and two different mathematical approaches leading to the same results: Green's theorem and derivation using the theory of distributions. The equivalent loads are a function of the material properties as well as the normal to the contour of the transducer. Examples of applications to simple geometric shapes (triangle, rectangle, and circle) are given.
I. INTRODUCTION
Piezoelectric transducers are commonly used in active vibration control and structural health monitoring applications. In particular, thin piezoelectric sensors and actuators are used to induce bending vibrations or propagating waves in plate-like structures. The main advantages of such transducers are their small size, their broad bandwidth, and their relatively low price. The most common piezoelectric flat transducers are made either of lead zircanium titanium (PZT) ceramic material (for actuation and/or sensing) or of polymer polyvinylidene fluoride (PVDF) material (mainly for sensing). During the last ten years, composite piezoelectric transducers have appeared on the market. By mixing piezoelectric fibers with a softer epoxy matrix, the composite transducers are more flexible and more robust 1 and exhibit orthotropic properties. Typical piezoelectric transducers found on the market are rectangular or circular. Different researchers have however studied the possibility to use more complex shapes. This idea was mainly driven by the active control applications. The first developments in this direction concern triangular actuators. 2 Using the theory of distributions and the beam theory, the authors show that applying a voltage difference V across the electrodes of the transducer is equivalent to applying two point forces and one bending moment on the supporting structure (Fig.  F1  1) . If the triangular actuator is clamped along one edge, the resulting force is a single point force at the tip of the triangle. Coupling this transducer with an accelerometer placed at the tip of the triangle leads to a collocated actuator/sensor pair and the possibility to develop a simple and theoretically stable control strategy. 3 Shaped transducers have also been used for the design of modal sensors and actuators, 4 as an alternative to modal filters obtained from discrete sensor arrays suffering from the spatial aliasing effect and more recently in order to measure the bending moment at the boundary of structures. 5 In Refs. 2, 4, and 5, the equivalent loads have been computed using the beam theory. In practice however, the effects in the direction transverse to the beam neutral axis cannot be neglected, as clearly demonstrated both numerically and experimentally in Ref. 6 for modal filters. In order to correctly compute the equivalent loads of thin piezoelectric transducers, it is therefore necessary to use the plate theory. For triangular actuators, equivalent loads have been computed using Kirchoff's plate theory and the theory of distributions in Refs. 7 and 8 using the general approach developed in Refs. 9 and 10. These equivalent loads are represented in Fig. F2 2. The figure shows that the equivalent loads consist in three point forces at the tips of the triangle and distributed lineic bending moments M 1 and M 2 along the edges. With such equivalent loads, the use of an actuator/sensor pair consisting of a triangular piezoelectric actuator and an accelerometer will not lead to a collocated pair anymore, therefore reducing the bandwidth of stability of the controller, as shown in Ref. 3 . The results demonstrated in Ref. 7 using the theory of distributions in two dimensions are however surprising: Consider an isotropic piezoelectric material (e 31 ¼ e 32 ) and an equilateral triangle: The equivalent loads computed clearly violate the symmetries of the problem. We conclude that the equivalent loads of Fig. 2 are not correct. This fact has also been noticed very recently in Ref. 11 . At the same period, equivalent loads were derived for piezoelectric transducers with different shapes in Ref. 12 . The study was limited to isotropic piezoelectric materials, and equivalent loads for a rhombus shape showed the appearance of point forces. Here again, if the rhombus is made of two equilateral triangles, the symmetries of the problem are violated, showing that the equivalent loads are not correct. Note that the results for rectangular actuators presented in Refs. 7   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60   61  62  63  64 and 9 are correct, because the edges of the patch are aligned with the structural axes. In fact, the main difficulty for the computation of the equivalent loads arises when the edges are not aligned with the structural axes, such as in the case of the triangular actuator or the rhombus.
The motivation of this study is to derive the correct analytical expressions of the equivalent loads for orthotropic piezoelectric actuators with arbitrary shapes, with the only limitation that the contour must be a piecewise smooth curve. These analytical expressions are derived based on Hamilton's principle using the flux linkage formulation for piezoelectric structures and two different mathematical approaches: (i) Green's theorem and (ii) the theory of distributions in two dimensions. The results show that the equivalent loads are a function of the material properties as well as the analytical expression of the normal to the contour. Finally, as an illustration, we give the equivalent loads for triangular, rectangular, and circular transducers in the case of orthotropic and isotropic piezoelectric materials. The application to a triangular transducer leads to equivalent loads which are different from the ones found in Ref. 7 and do not violate the symmetries for an equilateral triangle with isotropic piezoelectric material. In particular, we show that for an isotropic piezoelectric triangular actuator, there exist only lineic moments along the edges and no point forces.
II. NOTATIONS
Consider a two-dimensional piezoelectric transducer of thickness h p attached on a plate along a plane region X (Fig.  F3  3) . We denote by C the closed curve bounding this region X. We assume that there is no prescribed displacement on this boundary. Let x, y be cartesian coordinates along the neutral plane of the plate, parallel to the plane containing X, and let z be the normal coordinate, so that h 1 z h 2 in the transducer with h p ¼ h 2 À h 1 and z ¼ 0 is the neutral plane of the supporting plate. We denote by z m ¼ 1 2 (h 1 þ h 2 ) the distance between the mid-plane of the transducer and the neutral plane of the supporting plate.
In these coordinates, the displacement field will be denoted by (u, v, w) T . Using Kirchoff's thin plate theory, the displacements are approximated by uðx; y; zÞ ¼ u 0 ðx; y; 0Þ À zw ;x ; vðx; y; zÞ ¼ v 0 ðx; y; 0Þ À zw ;y ; wðx; y; zÞ ¼ wðx; yÞ:
(1)
The poling direction of the piezoelectric transducer is assumed to be in direction z and according to the plane stress hypothesis, the out of plane stress components are equal to zero. A voltage difference V is applied between the top and bottom surface electrodes of the transducer, resulting in an electric field
Using the standard Institute of Electrical and Electronics Engineers (IEEE) notations for linear piezoelectricity, the constitutive equations (under the plane stress hypothesis and in the material axes) for the transducer are given by 
where E i and D i are the components of the electric field vector and the electric displacement vector, respectively, and T i and S i are the components of stress and strain vectors, respectively, defined according to The supporting plate is assumed to be purely elastic so that the constitutive equations (written in the structural axes) reduce to Hooke's law
Using the small strain hypothesis, the strain components written in the structural axes are given by
III. HAMILTON'S PRINCIPLE USING THE FLUX LINKAGE FORMULATION APPLIED TO PIEZOELECTRIC STRUCTURES
In previous works, the equivalent loads resulting from the application of a voltage difference V between the electrodes of a piezoelectric patch attached to a plate ( Fig. 3) were computed by applying the differential operator L on a spatial distribution K(x, y) 
K(x, y) has a unitary value inside the boundary of the piezoelectric patch and a zero value outside. Because of the discontinuity of K(x, y) at the boundaries of the piezoelectric patch, the second derivatives must be computed using the theory of distributions. The derivatives involve Dirac distributions and their derivatives, and it is not always straightforward to interpret these functions in terms of equivalent loads, especially when the edges of the piezoelectric patch are not aligned with the structural axes. It seems that this is the origin of the erroneous computation of the equivalent loads for the triangle 7 and the rhombus 12 in previous works. In the following, we show that using Hamilton's principle the interpretation of the equivalent loads is straightforward. 239  240  241  242  243  244  245  246  247  248  249  250  251  252  253  254  255  256  257  258  259  260  261  262  263  264  265  266  267  268  269  270  271  272  273  274  275  276  277  278  279  280  281  282  283  284  285  286  287  288  289  290  291  292  293  294  295  296  297   298  299  300  301  302  303  304  305  306  307  308  309  310  311  312  313  314  315  316  317  318  319  320  321  322  323  324  325  326  327  328  329  330  331  332  333  334  335  336  337  338  339  340  341  342  343  344  345  346  347  348  349  350  351  352  353  354 The piezoelectric transducer is assumed to be thin compared to the thickness of the plate so that bending and inplane motion are not coupled. In addition, in-plane motion is not considered so that only the equations related to the bending of the plate will be derived. In piezoelectric structures, the total change of energy density stored in a unit volume is given by the sum of the mechanical and the electrical work, expressed here in the material axes dw e ðS; DÞ ¼ fdSg
Differentiating w e (S, D) and comparing with the expression above leads to
The coenergy density 14 which is the differential of
The total coenergy W Ã e stored in a volume V is therefore given by
which, in the case of the structure considered in Fig. 3 reads
The total coenergy is now written in the structural axes leading to
It can be split into the contributions of the supporting plate (in which case there is no dielectric or piezoelectric part) and the piezoelectric patch
Hamilton's principle using the flux linkage formulation (Ref. 14, p. 121) reads
for any virtual vertical displacement dw complying with the kinematic constraints and satisfying dw(
Note that dE ¼ 0 since the electric field is imposed on the transducer and constant. T Ã is the kinetic coenergy given by
Taking into account the fact that dw(t 1 ) ¼ dw(t 2 ) ¼ 0, we find
where q S is the density of the supporting plate and q p is the density of the piezoelectric material.
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(Jc ij ) eq is the total bending stiffness equal to the sum of the bending stiffness of the supporting plate J s c ij and of the piezoelectric patch J p c EÃ ij . Note also that E 3 has been replaced by -V/h p in the computation. The virtual work of the external forces is given by
where p is the pressure acting on the plate, M nn , M nt , and t nz are the distributed bending moment, torsional moment and shear forces acting on C (Fig.  F5 5).
IV. COMPUTATION OF THE EQUIVALENT LOADS USING GREEN'S THEOREM
Reexpressing the integrand of Eq. (7) using Leibniz's law and applying Green's theorem, we obtain, after lengthy but straightforward computations,
This formula is valid for a domain X bounded by a curve C of class C
1
. Assume now that C is piecewise smooth and is obtained as the union of smooth curves C i , i ¼ 1, … , N starting at point p iÀ1 and ending at point p i , with p N ¼ p 0 . Then we can approximate C with a curve C of class C 1 obtained by rounding the corners of C with arcs of circles of radii . We denote by X the domain enclosed by C . As tends to zero, the domain X approaches X an the curve C approaches C. Applying the above formula to X and C with ! 0, we see that the first three integrals converge to identical expressions involving X and C because the integrands are bounded.
However, the fourth integrand is not because n x and n y vary quickly over the small arcs of circles. The integral over the arc near p i is equal to the variation of ðB À AÞn x n y þ Cn 2 x over this arc. Let us denote the discontinuity jump of a function g defined on C at point
With this notation, as ! 0, this variation converges to ðB À AÞ½n x n y i þ C½n 2 x i . Hence, in the case of a piecewise smooth curve C, the above formula becomes
Substituting dW Ã e ; dT Ã , and dW nc in Eq. (6), we get the dynamic equation of motion in X ðA ;xx þ B ;yy þ C ;xy Þ þ ðqhÞ eq € w ¼ p and the two boundary conditions on C
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V. DERIVATION OF THE EQUIVALENT LOADS USING DISTRIBUTIONS IN TWO DIMENSIONS A. Distributions in two dimensions
Consider the space of smooth functions u with compact support (in other words, u ¼ 0 outside a large disk) in the plane with variables x and y. In this context, a distribution f associates, to every function u, a scalar h f ; ui depending linearly and continuously (for a suitable topology) on u.
For example, if f(x, y) is a (locally integrable) function on the plane, then it defines a distribution, still denoted f, by
The function f(x, y) can be thought of as a density for the distribution f. Note however that some distributions are not defined through a density function.
In our computations, we shall use a couple of operations on distributions. First, for any distribution f and any smooth function w, the multiplication wf is the distribution defined by hwf ; ui ¼ h f ; wui:
Next, for any distribution f, its derivatives f ,x and f ,y are the distributions defined by h f ;x ; ui ¼ Àh f ; u ;x i and h f ;y ; ui ¼ Àh f ; u ;y i:
This definition is inspired from integration by parts, in the case f is defined via a density function.
In the computation of the efforts for the transducer, we shall encounter the following four examples of distributions:
(1) Let X be a region of the plane. The characteristic distribution 1 X of X is defined by
(2) Let C be a smooth curve in the plane, not necessarily closed. The Dirac distribution d C along C is defined by The quantity dW nc can be seen as the result of applying a distribution T W to the function dw
Moreover, Eq. (8) shows that this distribution decomposes in three terms, involving the first three examples of distributions in Sec. V A
On the other hand, we have shown in Sec. IV that the piezoelectric loads were given by the piezoelectric part in the expression of ÀdW Ã e , which, before applying Green's theorem, is given by and using the definition of the derivatives of distributions, we get
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As in Sec. IV, let us consider the case of a piecewise smooth curve C. For this, we decompose C as the union of smooth curves C i , i ¼ 1, … , N starting at point p iÀ1 and ending at point p i , with
Hence,
and summing over i, we deduce
where [n x n y ] denotes the discontinuity jump of n x n y at the considered point. Similarly, we have
In other words, the second derivatives of 1 X are
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This result is identical to Eq. (9) derived using Green's theorem. The main advantage of the use of the theory of distributions is to avoid the lengthy computations when using Green's theorem (not detailed in Sec. IV). In both cases, Hamilton's principle is used to interpret the results in terms of equivalent loads. Note that for an isotropic triangle (e 31 ¼ e 32 ), there are no point forces and the distributed moments are M 1 ¼ M 2 ¼ e 31 z m V. This is in contradiction with the results previously derived in Refs. 7 and 12 which are not correct. This is easily shown, as stated before, by considering an isotropic equilateral triangle for which point forces of opposite sign cannot appear at the tips due to the symmetries of the problem. The general expressions derived in this paper show in fact that there are no point forces when e 31 ¼ e 32 , whatever the shape of the contour.
B. Rectangular actuator with arbitrary orientation of the material axes
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C. Circular actuator
Without loss of generality, we will assume that the material axes are aligned with the structural axes, giving the reference angle for the expression of the equivalent loads (Fig.  F10  10 In this case, because the normal depends on the position along the contour (defined by the angle x), the generalized shear distribution ðÀ @M nt @s þ t nz Þ and the normal bending moment M nn are also angle dependant. Note that for an isotropic circular actuator (e 31 ¼ e 32 ), there is no generalized shear distribution on the contour, and the bending moment reduces to M nn ¼ e 31 z m V.
VII. CONCLUSION
Shaped piezoelectric transducers are used in a variety of applications. When a voltage difference is applied on the electrodes of such transducers, it results in a distribution of generalized loads applied to the host plate structure. In this paper, we have derived the analytical expressions of these equivalent loads assuming a piecewise linear contour. Hamilton's principle using the flux linkage formulation has been used and two different mathematical approaches have been used to derive the equivalent loads: Green's theorem and the theory of distributions in two dimensions. The main advantage of the theory of distributions is the simplicity of the calculations allowing to avoid the lengthy computations when using Green's theorem. Both approaches lead to the same analytical expressions of the equivalent loads which are a function of the topology of the contour (the normal of the contour and its discontinuities), the piezoelectric material properties, and the orientation of the material properties with respect to the structural axes. It is thought that such general expressions are presented for the first time in the literature. The equivalent loads have then been evaluated for triangular, rectangular, and circular orthotropic piezoelectric transducers in order to illustrate their application to simple geometric shapes. In particular, the results derived for the triangular actuator respect the symmetries for an isotropic equilateral triangle on the contrary to previously published results.
